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↳ a day category TIE , MIR
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( v. x) ) ☒

µ Hom I 10,4 , 12,41) → Hom to , 4) , IV. X) )
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Def , ④ ( O , X) = Fix -1 or )
◦

I win -107°

A

Shevlin) the con standard sheaf on Mlk associated eoehe

open set ix. 07° c. Mir

where
j , ✗+ , i Extort

°

MIR

Eg CFD ix. + of )° like I
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ix. + fit
° like '
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Def = ⊕
'

lo . X ) = j* Oo IX) j : Xo ↳ ×
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Theorem 3.4
.

Let ✗ be a tonic variety with fan -2
.

Let < ⊕> cshccmir)

denote the full triangulated subcategory generated by the

objects ☒ 10.x)
.

Let < ④ '
> c @ ycx) denote the fully

triangulated subcategory generated by the objects ④ ' 10.x

there exists a quasi - equivalence of dg category K :( ⊕ 's→ <⊕>

with the following properties ,



• K (☒
'
10.x) ) TE ④ ( 0.x )

•

tf 10,4 ) ≤ 12,4) eh 1- II. M) then the
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' 10,4 ) . ☒

'

12,4)) → Ext I ④ 10,01 ) , ④
'

( 2,4))

induced by K carries the canonical generator of the source
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Prop .

3.3 . Let 10.10) ,
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check by stalk .

(2) ✗
on ,
→ ✗

e

f I
✗ o → ×
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Coro :3 .5 .
✗

.

2
.

The day functor k defines a fitting embedding of
Perf, ( X) into she CMR )

Perf, IX) = } E e Ry 1×1 I E is quasi - isomorphic to a bounded complex

of 7- eqnviaent veeeon bundle on each affine chaney

7-variety ✗
= a normal variety

with a faithful T- action
.

it ate >

TX # ✗ ✗ C-✗

T- equviant veeton bundle

0

o*M⇔P¥M -3 M m
, ay × ✗ → axx

satisfies↓ ↓ b : axaxi → axx

axx ×
PB : a ✗ ax ✗ → axx

0 ×

m*o = b*0 ° pr↳*⊖

suffices to show
perf, IX ) c < ⊕

'

>

let 9- be a perfect complex on ✗

of quasi
- isomorphic to Cech resolution)

jci. * F / ✗
ai
.

→ Jcioi , * F /
✗
aim;
→ - -

to toot,

Ci
,

=

Spee lR[ Oi,
NMJ) Ci

.
- - in

: = lion _ _ . A Cape

reduce to show
← ji U × u a T - stable affuhe chare

.

it 7- equivariant veohnbnndle E → u

j*E c- < ⊕ 's

On
any affine tonic variety _ a 7- equivariant ueeeon bundle



splits as a sum of the bundle as 01 Xxl

*

Def For each twisted polytope ≈ . define PCI ) c- Shclmir) to be

the eodhaeh
complex

,

canonical mop
a- a, _

.

.
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④ ④ ( Cio
.
X>;) → ⊕ ☒ ( Gti

, ,
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'
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to

fz (-1,27
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'
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'

f, ✗or
←
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,

X
,
12 , -11

ft 1-1 , -11
✗
01

PII ) = [ ¥ jixi-oiiwexi-io.ir → ⑨ jixsetg# ◦ Wixoetfii )5-40 0 ≤ set -2

11=5,4

→ mµ[ 2] ]
Def Polytope ≥

for a divisor D= ZaiDoi Qi c- I

← PD = 7 men I am
, no; > ¥

- ai itnoi generator of oi }
the convex hall of { X, - - - Xu]

for P = [
µ,

-k× = I

FIGECI,
%'

0×111 = 0×1 - Kx ) is ample

7hm 3-7 .
PII ) and P as above If 0×11 ) is ample

the PII ) E j : lwpo ) = j , Corpo [dem MIR
] )

proof i P° ↳ ×. t.CC;)
°

cry j , wpo
→ ☒ Ici

,

→ jiwpo → PII )

check on seabk

( ④ ④ ( Cio
,
Hab ) )

×

→ I ⊕ ☒ I Cioi , , Xiii, )) ✗ → _ .

to ioai,
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Def : we say a map f- : Ni → M is fan - preserving f- for each

or c- 2
,
the image of 0,

under M.ir → M.ir ties in another cone

off 2 ,

f- induces
7-- = Me:#

*

a

map f- ☒ t.am it,
→ Ta

a

map f-
✓

≥
0in Mz → oinm ,

with f- Lois cos

a

map
"
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✗
o,
→ ✗
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a

map
u =

af i ×
,
→ ×

,
assembled from the uf.r.rs

equivariant w.r.tn f- ☒ t.am ,
I , → Tz

V = Vf i M2.IR → MIIIR

than 3.8
.

(Functionality) Let f- be a fan - preserving map from E. c. Man

to -22 C Nam
. Suppose f- satisfies

a) f-
'
( Oz ) = It of Os G Iz %

'
c- 3

,

121 f- Mj



Then 14 U*
= ②

, ,
( Xz) → Ay

,

(4) takes ( ⊕
'

>
,
eo.COM

'

>
,

14 V : : Shel Mank) → she (Mimir) takes < ⊕ >
z
to ( ⊕>

,

13)
( ⊕

'

>
,

< ④ >
,
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up to natural to

.1
( ④

'

>
, < ⊕ >

2
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WKXO
,
) > Xoz

I ☐ '
a

× ,

"
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Fix X
,
GMZ X, = v1 Xz)

U* ⊕
'
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,
%) = U*j* 00,1×2)

*

cloth= future)* " Ili'lXoD

Assume % . _ . oia
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,

) = subspace generated by e. - - - za

i. e. has effete Chan B , - - - Ben

*

then ju-iix.io, )* " luthor ) 00-1×2)
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÷
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By X, = Uta) &U1B¥Uf.oi. ,o, = Bio → to

this
proves

"I



for in & (3) okhvy need to show

L ⊕
'

>
z
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a-↓ 2 ↓ ".
< ⊕

'
>
*

she /Mi .IR)

only need to show the natural quasi - iso .

hi vi. ° K
,

K
,

o U*

suffice to give maps

4oz , µ,
V:(K, I ④

'

I 0s
,
%))) -3 k ,lU* I

"

I 02.x,) ) )

with t.tt CI , K) Leo
, ,✗,)

is a quasi-730

É for 102
, XD ≤ 6,2

,
42) in Fl Zim

Vifkzl ☒
'

102,72 ) ) ) → Vik , I ④
'
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, 421) )
a

↓ 2 ↓
K , ( ut (④

'

( Os
,
XD ) ) → K , / U*(④

'

122,4s) ) )

V:* , ( ⊕
'

10s
,

✗a ) ) )

= V1
. (☒ 102 , Xd )

= V
!

jlxz-oi.jo#cxzeoi)0--jivix.)tvlosJ51Ctlxatos7)1Wlbyfty)

Hatori , •_ˢnbmerean)> ( HK) + V10,))
°

↓ ↓
*

V, (ka I ☒
'
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,
Xu) ) ) -9 jcucx, + viai) ) ◦ i WI VIX

≥ ) TV 10515
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Milk



K , U* ☒
'

I 02,7k)

= kik ⊕ '
( Bio

,
Xi ) → ☒ ④

' ( Brit
,
7) → -

- - ]
Voci,

= [ ☒ ☒ ( Bio , XD → ⊕ ④ ( B-io.ei.nl,) →
- ]

to Toei ,

defined L: Viki I → kµ1U*( )

tY
Flux, + viooi) ) ° ! We vlxz) + v10;D

' 7hm 3.7
> ↓

☒ ( Bio , XD → ⊕ ④ ( B-io.ei.nl,) →
- .

Toei ,

denote ×
,
= NEWy?⃝,,,,,y#,,µ, , ,

like 7hm 37
.

8g .

3110
. fp : N → N multiplication by P

3. 11 . 3
, refine 2

,
↳ U , X ,

→ ×
,

resolution

K . u* = K

of ☒ by → KIF) ☆ Kegs
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'

>
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2¥" (X) -7 shard IMIR , -11--2 )

U u

Perfylx) -9 Shee IMIR , _Az)

↓ D

Sh



MIR , Nik

Def : 71min ) denote the see of pairs to , c) where o is a polyhedral
cone In Nin and c is a coset th MR / ot

1h MR
1 a fan I 713 , M) ' FIMIR ) I

partied order to , c) ≤ 12
, d) .by Ct or a dtz

"

⊕ to
> C) = j ! wcctov, • Ji ¢-1 ' )° Mps

E. Fu → M TEF

Define shard sheaves
,

singular support =

• A finite shard sheaf on Mir is a construable sheaf F whose singular

support belong to a finite shard arrangement .

• A finite shard sheaf has type
2- of its singular support. belongs to

a finite shard arrangement of type
2-

.

• finite shard arrangement is a subset Ae Mir ✗Nik

A = ¥
,
Zi

2
,

- - - Zn is a finite list of shards

If ur ,
Zi is a Lagrangian shard of Z then we say -11 has

types .

• For each 10 , c) c- Tl Mia ) the Lagrangian shard 210
, c) is ehe

subset of Mir ✗ Mr given by

210
, C) = C t Ot ✗ - o

= } 1min ) I - neo and em - ✗
,
n

'
> = 0 atlxec

n' c-of
•

The height of a shard zco
,
C) is the dimension ofo

shard 1min ,
-2) = the full subcategory of finite _ .

case 112
"

l Oi
, 10,0) ) Zloi

,
10,0) ) z Oi

"

✗ - Oi

×

% ☒ × # ☒ × §



a sheaf on Mir polyhedral if it is constructible wine,
a piecewise.

Khaan

stratification of MIR .

~> she
, pot IMIR)

Prop 4.1 .

The functor
Vx =

she
, poll Mlk) → she .lk

> ◦

( TxMir)

is the unique function with the following property . for every

?⃝"" ""
""" ⇒ "ᵗᵈ " F " ^^""

Flu E Vol F) I w

u
'

= 1 ye T.MN I ytx E U ] .

Tom ↳ TM ⇒ M

define FTIF) on V* with stalk FTIF) }
in dis -0

FT (F) g
→ 71 Vi F) → IT } u c- V1 3Wh -17 , ftp.w.k-pyb-Y

for a conical sheaf Fon V
.

Def . 4.3 . Let F c- She .ph
IN) . ✗EM

,
and § c- TIM

^ The micro localization of Fae × is given by

MXLF) =
'Ftlvxtt) )

( she .pl
1Mt → she,☒≥, ( TEM ) )

• the micro local stalk of F at ix. g) is the stalk of M✗F at 3 .

Ma . } 7
: = ( Mx (F) ) }

• singular support of F SSLF) = } IX. §)GT*M / ax
.} # eog



9- a shard IMIR, _A)
A = % ✗ MIR Ji MK ↳ MR ✗ MIR i : Mir ↳ MRXMIK

supp lj*ti*F☒_
$85181 1

If Z = } 10.x) I 210 ,
X) CA ) shard (MIR

,
.lt ) : = shard /Mik , 2- )

prop 5.1 .

For each v. c) c- T IMIR) the constand and sheaf ④ iv. c) is

a finite shard sheaf .

proof :

7hm 5.2 . Suppose
Z C 71 Mn) satisfies ,

121) The see of cones 0 C MR sie . Lo , c) appears eh 2- for

some c is a finite polyhedral fan
1221 If 10 . ✗ +04 c- Z and z is a face of o the

le , ✗ + zt) c- z

Then the category Shand Inn
,
Z ) is generated by the sheaves

} ④ (o , c) I 10 ,
C) • 2 }

for any a rational polyhedral fan 's .

zg,

let -1M) ✗ - z is a locally finite shard arrangement .d- z
= U

let Z = } 10.x) I 2 co ,X) c.tt -2 ) we have

she IMIR , _Az ) o shard IMIR , Z) > Shee IMIR , _Az )

"

funk subcategory
↓

constructible objects which
shard IMR.kz)

2 satisfies 121 ) 1222)
have compact support

by Thm 5.2
.

There is a quasi
- equivalence >

shard 1min
,
_Az ) 4- ( ⊕ >



Def 5.3 , of a finite shard sheaf on Mia of height h
,
and Lee o be

an h - dimensional cone eh Nia then o is narrow relative to

9- if for any point ✗ c- Ma we either have 2x} ✗ - ocss

or { ✗ y × -0° A SS (F) = ∅
.

lemma 5.4
. 7 a finite shard sheaf on Mir of height h ,

• an h- dem

cone is narrow W
. he , F

.
G a coset of ot

Thenfort ✗ a- c ye
- o

° the natural
map

Hom ( F
,

☒ 10, c) )
no → Hom Lux,ylF ) iux.gl -0110, G)

is a quasi
-→so

,

Def : F finite shard sheaf off height h ,

o a cone narrow wine .

to F.

lo , c) is said to be blocked wine . F of
Hom I F ,

☒ to , C) ) → Hoy IF ,
to, G) ✗

fails to be a quasi - is for some ✗ c- C

lemma 57 .

Lee Z e 71min) satisfy 121! ( 8-D ,
F a finite sheaf of

type 3- and height h
, then 7- to> c) e- Z sit . one's h- dem

.

Hom I F
,
☒ to .es) to and ( o , c) is not blocked for F.



proof of 7hm 5.2
.

Lee < ☒ >
z
C Shamir) be ehe full triangulated category generated by

} ☒ 10 , c) I 10 , C) GZ )

by (2-2) I ✗ C- M 10
, ✗ ) c- Z

210 ,
✗ +Mlk ) = MIR ✗ 409

any sheaf 9- of height 0 Then SSIF) emir ✗ 20]

⇒ F is constant ⇒ F of height 0 is

generated by the sheave

} ⊕ I 0.x ) I 10, C-2)
induction on height.

claim : if 9- is of eyze 2- and height ≤ h
,
we can find another

sheaf of ' and a map
F'→ 9- with

:

• F
' has height eh

• the cone on F
'
→ F is generated by sheaves of

the form ⊕ to , c)
.

where each o is h - dimensional

and each to .cl belong to -2
.

proof of claim
: define F has h - complexity ≤ n

tf SSLF) is contained in a union of shards
.

at most n of which have height h .

Induction on the h - complexity of 9- .

9- has h- complexity ≤ 0 then F has height oh ✓

for the 9- has h - complexity ≤ n .

by Lemma 57 .

I 0 of ohm h and c c- Mlk / ot sie . 10,4 is

not blocked for F and see hom IF ,
☒ to

. c) ) 40
.

F → horn 17
,

④ 10 . G)
*
☒ ☒ IT , C) → F

"
¥

Lemm 5.4 ⇒ iso Dun thx ,q
✗ c- C ye - ⇒ 210, c) & SSLFY



Def A complex of quasi coherent sheaves F on an R - scheme ✗
.

has

finite fibers of for each R - valued point ✗
= Speer → ✗ of ✗

the image ✗
* F of F under the pullback

② IX) → Qlspee R)

is perfect

✗ with a group action
,

then we say
that an equivariant quasi-

coherent sheaf has finite fibers if the underlying non - equ .

sheaf does
.

Remark F finite fibers ⇔ horn IF
,
✗* K) perfect R - module

↑

trompe # F , R) ≈ Rom tf , ✗* R)

when this alg .
dosed field

9- finite fibers ⇔ Tonic Ox/ Mx
,
F) finite - dimensional.

Tori / Ox /mi . F) = 0 for all but fihiee many
In fact Perf-11×-2) a &

"
(X) is Z

7hm bis . for any torte variety ✗ there is a quasi - equivalence <⊕
'

>Easily

Def 6.5 .

X
,
E

.

For each eneegenh Let ✗
'↳
CX denote the open

come

subvariety of ✗ obtained by removing all T- orbits of
codimension greater than h

.

In fact 3T - orbit ] } once ]

& dam Or edm o = dim IRMIR

✗
eh

= U Do
dintEh

j . ×
'"
↳ ×

we say a quasi coherent sheaf 9- c- Q
,
IX) has height ≤ h if

the following equivalent condition are satisfied ,



"I 9- → j*j*F is a quasi - is .

(2) e'* of =0 whenever i is the inclusion of a T- orbit of
codimension > h

denote O
'

lo ,
X) : = 4*00

,

( X) i: Oo ↳ ✗ for co , C- H&M)

9- of height - h ⇔ horn IF , 0110,241=0 drmo=h

Def i 9- c- Q
,
IX) has

_ finite fibers and of height ≤ h ,

ssfF) : = } (0.x ) C- TIX , M) / dim ( r ) eh horn 17,040, toy

10.x) e- 55h18) is said unblocked for 9- if the map .

Hom Ef
,

☒
'

10.x) ) → Hom IF
,

O'10.x))

is a quasi - isomorphism .

Lemma 6.7 . Let 9- c- 2,1×1 have finite fibers and height ≤ h . If
SSNIF) + ∅ then 7- 10.x) e- SSNIF) is unblocked for F.

proof of Thin 6.3
,

'

a quasi - coherent sheaf 9- of height ≤ o
.

⇒ g- ⇒ j*j*F for ji Oo ↳ ✗

9

speech [ XÉ
'
])

⇒ F is of the form ④
'
10.x)

Induction on h
.

claim : If 9- has finite fibers and is of height ≤ h we canfind
another quasi coherent sheaf F

'

and a

map 8 ' → F with

the following properties ,

• of
' has height < h

• the cone on 9-
'

→ 9- is generated by sheaves of the

form @
'

lo ,
X) where each o is h - dimensional

.

proof of dharm ,
Induction on the size of ssh (F)

.

If SSNLF) =∅ ⇒ 7 has height < h



suppose 55h17) has a element and that we have

proven for all Fsiessnlof
') < a *,

by lemma 6.7
.

7- o sie drmo = h and lo, e- 712in)

with Hom LF
,

④
'

( 0.x )) to and 10.x) is not blocked

for 9- .

9- → Hom LF ,
④

'

10.x) )
't
☒ ☒

'
10.x) → 9-

"
→

Apply Hom I - , O' cz , } ) )

Hom I F
"
,
0112, } ) ) → them 17 , ☒

'
to >

✗ ) ) ☒ Hom / ④
'

10.x)
,
O'Cz, }))

→ Hom IF ,
O' 12 , } ) ) ¥

when CZ , §) = 10, ×)

Hom I F , O
'
IE. } ) )

⇐ Hom 17 ,

④
'
10,7))

⇒ Hom 17
"
, 011.0 > ✗ 11=0 ⇒ ( 0.x) & SKF)"

⇒ F
" satisfies 1*3 *

T.hn 6.8 .

✗ a tonic variety corresponding to a fan 2
.

Then there as

a quasi
- equivalence of dg - categories

K
, Q↑" IX) ⇒ shard (Mir

,
-11--2)



the image of Perfect-2) o If
" under K ?

7hm 7.1 .

Let ✗ be a proper toric variety corresponding to a fan Zamir .

Let K
i < ⊕

'
> → < ⊕> be the functor .

4) If E c- <☒
'

> is perfect , then KCE) c- <⊕ > has

compact support .

G) The resulting function Perftlx) → she IMIR , -11--2) Is a

quasi - equivalence .

[ Seidel ] every equivariant
vector bundle on a smooth projective tonic

variety has a bounded resolution by the bundles
.

show KIL) has compact support when Lisa
the bundle

.

try I = I. ☒ Li
'

L
,

& La angle then KI Li) has compact support

by Thm 3.7
.
I 0×10 ample PCI ) E j, lwpo) )

↑ ↑
Line bundle klllxtx))

by 7hm 7.3 . KILI
'
) =

- ID 1kHz ) )

7hm 7.3 . Suppose × is a complete tonic variety and E e- Perf, 1×1

Then 7- natural quasi - isomorphism
KC Er ) ≈ - D ( KCE))

↑

Hom ( E. 6)

lemma 7.4 .
let F c- shclmikl suppose that Fis polyhedral and has

compact support .
Then F is strongly dualnabkw.r.ee .

the

convolution product .



a sheaf on Mir polyhedral if it is constructible wine,
a piecewise.

Khaan

stratification of Mir .

strongly dualizabk f → F ☆ C-DF) ☆ F → F identity .

proof of Thin 7.1
, for T-cshcclm.kz )

I .ge < ☒
'

> s- e kl g) E F

snffike to show g is perfect .
④

strongly dualizable

by Lemma 7.4 .

Kl g) = F strongly dnatizablle

7- H KI H ) = -DF
K (g) %

KI g ☒ H% g) = F ☆ C- DF ) ☆

T.lv↓
F

g

⇒ g strongly dnatizabk


