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Theorem 12.4.1. Let X be complete and simplicial. Then the map (12.4.4) is an
isomorphism:

Ro(Z) ~ H* (X5, Q).

Thus, in even degrees, H**(Xs,Q) is isomorphic to Ro(X);, and in odd degrees,
H**1 (X5, Q) is zero.
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Theorem 12.4.4 (Jurkiewicz-Danilov). Let Xs; be a smooth complete toric variety.
For the polynomial ring Z[x,,...,x,| with variables indexed by p1,...,p, € (1),
let .9 and J be the ideals in Z[x,, ... ,x,| generated by the polynomials in (12.4.2)
and (12.4.3), and define

R(E) <= ZI%i: il Z +T)
Then x; — [D,,] induces a ring isomorphism R(X) ~ H®*(Xx.,Z). O

Prosd - Cquivoriont Co\f\oWNlOfJ Y:

n

He (pt, 2)
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Theorem 12.3.12. Let 3. be a complete simplicial fan in Ngr ~ R". Then the Betti
numbers of Xx. are given by

n

~ 2k
ba05) = (-1 () 90— ba(¥2):= din H O, @)

i=k
and satisfy
ba(Xs:) = ban—2k(Xs).

3 Chow gmup./ ring .
A = Zdx) /Rat )
AN = AnaX)
AR« A — AR K)
AO) = @AKo ving
Ay — HX2) g how
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Proposition 6.4.4. The relations (6.4.4) and (6.4.5) are equal after multiplication
by a positive constant. Furthermore:

@ D,-V(r) =0 forall p¢ {p1,-... pns1}.

_ mult(7) _ mult(7)
) D,,-V(7) = — and D, . -V(T) = mult(o")’
» © Dpi- V(T) o b,'mlllt(’/") B b,‘ mult(T) f()r i—o .

~ amult(c)  Amult(c”)
eg. W v+(-rma) vy=o

:Dz'Dz = -DZ' V(t): -r.

© Lewawmo 1 Y s‘mp\\‘c,lak
AT » Ay —= APH(x)

V(‘T\ . V) = w\w\t(c\. wmlt('f') \/(’B’)
1l wult (7)

osNne Ole’

Y= Cone o-p Pt% S pavinecl bj
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The Chow Ring of a Toric Variety. As in §12.4, write (1) = {p1,...,p,}. This
gives the ring

Ro(2) =Qlx1,....x]/(A +T)
for .# and J as in (12.4.2) and (12.4.3). Then Lemma 12.5.2 and (12.5.4) imply
that [x;] — [D,,] € A'(Xx)q defines a ring homomorphism

(12.5.8) Ro(X) — A4A°*(Xx)o-
We also have the ring homomorphism 4*(Xy;)g — H*(Xy,Q) from (12.5.2).

Theorem 12.5.3. If Xx: is complete and simplicial, then
Ro(X) ~A*(Xxn)g ~H*(Xx,Q),
where the maps are given by (12.5.8) and (12.5.2).
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DEFINITION 3.5.3. A n-dimensional integral polytope A C Mr ~ R™ is reflex-
ive if the following two conditions hold:

(i) All facets ' of A are supported by an affine hyperplane of the form {m &
Mg : (m,vr) = —1} for some vpr € N.
() Int(A) N M = {0}.

Reflexive polytopes have a very pretty combinatorial duality. Let A be an
integral polytope, and let A° be the polar polytope defined in Section 3.2.1. Besides

(A°)° = A, [Batyrev4] shows that the basic duality between A and A° is as
follows.

LEMMA 3.5.4. A is reflexive if and only if A° is reflexive.

Reflexive polytopes are interesting in this context because of the following re-
sult, which characterizes when PA is Fano.

PROPOSITION 3.5.5. A is reflexive if and only if Pa is Fano.

LEMMA 3.5.6. Let X = P(qo,...,qn) be a weighted projective space, and let
q=>_0%. Then X is Fano if and only if g;|q for all i.
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We first set up some notation. Foreeach p € X(1), we abuse notation and
let D, also denote the cohomology class of the associated divisor D, in H?(Xy).

Following [Giventald], we put £;(8) = [;c1(Li) and D(8) = [, D,. We also pick
an integral basis T1,...,T, of H?(Xx,Z) which lie in the closure of the Kihler
cone. As usual, weset § = > |_ ¢,T;.
We now define two cohomology-valued formal functions. We begin with Iy,
which is given by
Iy, = eltot9/R Eyler(V) x

(11.73) T g oy T D (ea(L3) + mh) T, Tpe — oo (D + mh)
sertiks) izt e oo(cr(£:) + mi) [T, T2 (D, +mh)

T . .
where ¢; = e’ and ¢° = H{:Iqif #7". Note that if ¥ is the standard fan for P", then

we recover (11.38). Turning to Jy, we define

Jy = elot9/F Byler(V) x

(11.74) (1 s q,BPD—lel*(

B#0

where [M 2(Xs, B)]V'"* is the virtual fundamental class of Mg o(Xs, ) and PD is
Poincaré duality. Note that when Xy is convex, [M (X, 8)]V'" is just the usual
fundamental class and the formula for Jy, can be simplified. For example, when Xy
is the convex variety P™, (11.74) reduces to (11.52).

In this situation, the variables ¢; have degrees. As in Section 11.2.2, we define
deg ¢; by the equation

Euler(Vl’iﬁzyl)

T

c1(Xg) —a(V) = Z(deg ;) T;.

i=1
We will assume that X C Xy is a nef complete intersection in the sense of Sec-

tion 5.5.3, which means that —(Kx, + Zle L;) is nef on Xy. When this occurs,
we will assume that the basis Ti,...,T; of H?(Xyx,Z) has been chosen so that

382 11. THE MIRROR THEOREM

—(Kxg + Zf=1 L;) lies in the cone generated by the T;. This can always be ar-
ranged in the nef case. It follows that degg; > 0 for all 4.
We can now state Givental’s version of the Toric Mirror Theorem.

THEOREM 11.2.16. Let X C Xx be a nef complete intersection, and let Iy
and Jy be as in (11.73) and (11.74). Then Iy and Jy coincide after a triangular
weighted homogeneous change of variables:

to — to+ fo(g)h+ h(q), t;—t;+ fi(q) for1<i<rm,

where fo, f1..., fx, h are weighted homogeneous power series and deg fo = deg f; =
0, degh = 1.

Ré}-. [ Cox . i) Miveor g‘?fmwv‘g oo\ oJ.he, brone S@M%
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Theorem 5.1. Let f, be the real-valued C= function on Y defined uniquely,
up to constant, by Ric(w)—w=+/—100f,. Put c:= (2= c¢(Y))"[Y])™}, where
n=dimg Y. We further define a linear map F=Fy: X(Y)—R by

F(V)::cRe(Sy(Vfw)co”), vex(Y).

Then this map F does not depend on the choice of ». Moreover,
(a) F is trivial on the commutator subalgebra of 26(Y).
(b) If Y admits an Einstein-Kdhler form, then F is trivial.

Corollary 5.5. Let G be a nonsingular toric Fano variety such that Aut(G,)
is reductive. Then F: X (G,)—R is trivial if and only if a,=0.
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